Current-voltage characteristics of suspended single-wall carbon nanotube (NT) quantum dots show a series of steps equally spaced in voltage. The energy scale of this harmonic, low-energy excitation spectrum is consistent with that of the longitudinal low-k phonon mode in the NT. Agreement is found with a Franck-Condon-based model in which the phonon-assisted tunnelling process is modelled as a coupling of electronic levels to underdamped quantum harmonic oscillators. Comparison with this model indicates a rather strong electron-phonon coupling factor of order unity. We investigate different electron-phonon coupling mechanisms and give estimates of the coupling factor.
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Introduction
Nanoelectromechanical systems (NEMS) have enabled the investigation of the motion of a mechanical system influenced by electronic transport [1] - [3] . The study of electron-phonon (e-ph) coupling in a movable structure in the single-electron tunnelling regime has received great theoretical interest recently [4] - [10] . The interaction strength is characterized by the dimensionless electron-phonon coupling constant g, which is proportional to the ratio of the classical and the quantum displacement. In bulk systems the e-ph coupling is generally weak and the coupling constant is orders of magnitude smaller than one. Since the coupling dramatically increases with decreasing device mass, NEM-devices may exhibit an intermediate to strong e-ph coupling [11] - [13] . In this regime, current-voltage characteristics are expected to exhibit additional steps whose height can be used as an estimate of g. For example, g is around one in the C 60 molecular devices of [11] , while measurements on different C 140 samples [12] indicate a value of g between 0.2 and 8.
Carbon nanotubes (NTs) are ideal systems for exploring electromechanical effects since they have a small diameter, a low mass, can be defect free on a molecular level, and form model quantum dot systems at low temperatures [14] - [19] . In experiments on suspended NTs, different methods have already been used to probe the bending [20, 21] and radial breathing mode (RBM) [22] . The measurements show that the free-hanging tubes operate in the underdamped regime of low dissipation. For the fundamental bending mode the reported quality factor is about 80; for the RBM it is estimated as high as 10 000.
In this work, we present electronic transport spectroscopy measurements on suspended single-wall NTs showing signatures of phonon-assisted tunnelling evidenced by the presence of a series of steps in the I-V characteristics. The steps form a harmonic low-energy spectrum, whose energy scale and length dependence are consistent with that of the longitudinal stretching mode. Comparison with the Franck-Condon model indicates an electron-phonon coupling factor of order one.
Fabrication
We start fabrication by first locating individual NTs on 250 nm thick thermally grown SiO 2 on top of a heavily doped Si substrate using an atomic force microscope (AFM) with respect to predefined markers. The NTs were either chemical vapour deposition (CVD) [23] grown directly on the substrate or laser ablation [24] produced NTs, which were ultrasonically dispersed in a dichloroethane solution and then spin coated on the substrate. Subsequently, we custom design for each individual NT the metal electrodes. Using standard electron beam lithography we 'write' the pattern on a double PMMA resist layer. Contact material of Cr (5 nm) and Au (50 nm) are thermally evaporated on the substrate. Finally, the NTs are suspended by removing the supporting SiO 2 layer in a wet-etch step using buffered HF [19, 25] . In figure 1 , we show the device geometry and a typical scanning electron microscope (SEM) picture of a suspended NT.
Measurements
We have performed low-temperature electronic transport spectroscopy measurements on suspended single-wall NTs with different lengths. In figure 2 (a), we show a stability diagram [14] for a suspended NT sample, with a length of 1.2 µm and a diameter of about 1 nm, measured at 10 mK. The differential conductance, dI/dV is plotted as a function of bias and gate voltage. In the diamond shaped regions (Coulomb diamonds) the current is blocked due to Coulomb blockade, and the charge number in the dot is fixed. Regular and closing Coulomb diamonds indicate single-dot behaviour [14] . For the gate voltage range shown, single-dot behaviour is observed. The inset in figure 2(a), which was taken at a higher temperature (300 mK) in a different cooldown, illustrates that the diamonds do close. The low-bias current, however, is suppressed which could be signature of strong electron-phonon coupling [5, 9, 10] . We note that generally, single-dot behaviour is not observed for the whole experimentally accessible gate voltage.
Excitations of a quantum dot appear as lines running parallel to the Coulomb diamond edges in the stability diagrams [14] . At such a line, a new electronic level becomes resonant with the leads and an additional transport channel opens up. The energy of an excitation can be determined by reading off the intersection point between the excitation line and the Coulomb diamond edge on the bias axis [14] . Furthermore, the excitations correspond to the charge state of the Coulomb diamond they end up in. Electronic excitations in NTs typically differ between adjacent charge states [17, 18] . In figure 2(a), a dense set of equally spaced excitation lines (starting from the first electronic excitation) is clearly visible near V G = 210 mV and 230 mV, i.e., adjacent charge states exhibit a similar set of excitations with approximately the same energy spacing. The fact that excitations occur primarily in one direction is due to asymmetric-tunnel barriers [14] .
The energy difference between the excitation lines in figure 2(a) is shown in figure 2(c). Clearly, the excitation energy is an integer multiple of the first (fundamental) excitation. Thus, they form a harmonic spectrum with up to five levels. A linear fit yields an excitation energy of 140 µeV for this 1.2 µm long NT. This value is an order of magnitude smaller than the expected mean electronic level spacing given by = hv F /2L with h the Planck constant and v F the Fermi velocity which equals 8.1 × 10 5 m s −1 [26] . We have observed low-energetic excitations for two more devices with different lengths. We have restricted ourselves in the study to those devices which showed more than three low-energy (smaller than the mean electronic level spacing) excitations. In several other samples, we have observed one or two low-energy excitation lines. In this case, explanations other than originating from a coupling with a vibrational mode can not be excluded. A single excitation line can for example also be associated with the exchange energy between two spins or to an orbital mismatch [18] . In figures 3(a) and (d), we plot the Coulomb diamond crossings for a suspended NT with a length of 420 and 140 nm, respectively. The conductance, dI/dV , is shown in colour as a function of bias, V , and gate voltage, V G . Low-energy excitations, which are smaller than the expected mean electronic level separation, can be seen clearly. Two current-voltage characteristics are next to the stability diagrams. Steps correspond to lines in the latter figure. In figures 3(c) and (f), the excitation energy separation extracted from figures 3(a) and (d) is shown. Again a harmonic spectrum appears; the linear fits have a slope of 690 and 530 µeV. The observed harmonic spectra indicate the presence of a vibrational mode coupled to electron tunnelling [27] . Multiple steps with identical spacing would then arise from the excitation of an integer number of vibrational quanta. Indeed, the observed equidistant energy separation is consistent with that expected from the longitudinal stretching mode in the NTs. In figure 4 , we plot the energy of important low-energy vibrational modes of single-wall NTs [28] - [30] . figure 4 shows, the data are in good agreement with these predicted values.
The coupling of electronic levels with vibrational modes (quantum-harmonic oscillators) can be described in terms of the Franck-Condon model [33] . According to the Franck-Condon principle, an electron in an electronic transition moves so fast that the nuclear positions are virtually the same immediately before and after the transition. As a consequence, the transition rate is proportional to the Franck-Condon factors defined as the square of the overlap integral between the vibrational wavefunctions of the two states involved. An important parameter is the electron-phonon coupling factor, g = 1/2(x/x 0 ) 2 . This is the ratio of the classical displacement 7
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where F is the force on, m the mass of, and ω 0 the frequency of the oscillator. For low damping, the vibrational levels remain sharp and the Franck-Condon model predicts steps in the current-voltage characteristics, that are equally spaced in energy (bias voltage). In the presence of strong relaxation, the normalized step heights are given by [5] : P n = e −g g n /n!. In the strong coupling (g 1) limit, the height of the first steps is exponentially suppressed (phonon blockade) [5, 9, 10] . Multiple steps only arise if g is of the order of one or larger and the observation of a spectrum of equally spaced excitation lines therefore indicates that the e-ph coupling in our suspended NTs must be rather strong.
In figures 2(b), 3(b) and (e), the red curves represent the step heights (P n ) given by the Franck-Condon model with strong relaxation discussed above. The symbols are the experimental curves taken at the green lines in figures 2(a), 3(a) and (d) . Considering the simplicity of the model, reasonable agreement is obtained in all three cases. The comparison yields an estimate of g of 0.95, 1.1 and 0.5 in figures 2(b), 3(b) and (e) respectively, indicating that it is approximately length independent. We have also performed a similar analysis at other gate voltages (i.e. subsequent Coulomb diamond crossings) yielding about the same g-values.
The theoretical curves in figure 3 do not exactly follow the measured ones. Better fits may be obtained if the influence of a gate voltage and asymmetric coupling is considered [5] or if coupling to excited electronic states [34] is considered or if the influence of damping or nonequilibrium phonons (weak relaxation) is taken into account. In the latter case the peak heights are expected to display a non-systematic dependence on g and peak number [9] . The strong deviation for the shortest sample may have its origin in an interaction with the bending modes which are not resolved individually. Consideration of all these effects is beyond the scope of this paper.
Electron-phonon coupling
Let us now make some estimates for the electron-phonon coupling parameter g. Firstly, we note that the coupling between electrons and longitudinal phonons is expected to be weak. Indeed, in the leading approximation the NT is parallel to the plane of the gate, and thus the force from the gate is perpendicular to the displacement produced by the longitudinal phonons-there is no coupling associated with the gate. The electron-phonon interactions come in this case from the same mechanism as in the bulk graphite-coupling to the polarization charge-and the corresponding coupling constant is small. This is not entirely correct, since the gate bends the NT, and the displacement along the tube is actually skewed with respect to the gate plane. The coupling corresponding to this mechanism can be estimated as follows: let the tube of length L be deformed in such a way that the displacement of its centre is z L. Then the elongation of the tube, which plays the role of the displacement x produced by the longitudinal phonons, is
For a 500 nm long NT at a distance of 100 nm from the gate, the shift of the centre z is about 0.1 nm [31] . Calculating the coupling constant for ω 0 ∼ 10 12 Hz and M ∼ 10 −22 kg, one obtains g ∼ 10 −2 , in contrast with the experimental observations.
8
A larger e-ph coupling is obtained if the electron density is inhomogeneous. The interaction energy of electrons with the polarization charge is characterized by the energy [35] 
Here, ρ(x) is the density of excess charge produced by one electron, K(x − x ) is an interaction kernel, which we approximate by δ(x − x ) for the case when interactions are effectively screened by the gate, and P(x) ≈ eρ 0 z(x) is the polarization vector. The quantity ρ 0 ∼ k F is the total electron density and z(x) is the displacement, which in the single-mode approximation becomes z(x) = A n sin(πnx/L). Calculating the force F = −∂W/∂A n , we obtain
If the excess charge density is uniform, ρ(x) = e/L, F = 0 for all modes. Incorporation of interactions that are screened at distances longer than the distance to the gate, yields a force that scales as L −2 . In this case, the coupling parameter g also scales as L −2 and typical values are in the order of 10 −2 , as we have already discussed. Assuming that the charge is localized in the centre of the tube, ρ(x) = eδ(x − L/2), the force is zero for odd harmonics, but for even harmonics, n = 2l, it reads Since m scales with L and ω 0 inversely with L, g is length independent as observed in the experiment. Also, g scales as l −1 because ω 0 scales with l indicating that higher modes are coupled weaker to electrons. Numerical estimates show that g ∼ 1. Localization of an electron in a point away from the middle produces coupling to both odd and even modes. Note that the electron does not have to be strongly localized: for any non-uniform density this mechanism will produce g ∼ 1.A non-uniform density can be created by impurities located in the substrate, or induced by a redistribution of electrons in a suspended tube bent by a underlying gate electrode [36] . Note, that recent theoretical work has also considered e-ph coupling in suspended NTs [37, 38] . They find g-values that are smaller than the experimental ones.
Conclusions
In summary, transport measurements on suspended SWNTs show signatures of phonon-assisted tunnelling, mediated by longitudinal vibrational (stretching) modes. The current-voltage characteristics show multiple steps whose heights are in reasonable agreement with the FranckCondon predictions if the e-ph coupling constant is of order unity. Suspended NT quantum dots form an interesting model system for future studies on the interaction between single electrons and quantized phonons in the intermediate to strong electron-phonon coupling limit.
